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Abstract 



Let G be a profinite group with a countable basis of neighborhoods of the identity. 
A cohomology and homology theory for the group G with non-discrete topological co- 
efficients is developed, improving previous expositions of the subject (see |Wij . |R-Zj 
and |S- Wj ) . Though the category of topological G-modules considered is additive 
QQ I but not abelian, there is a theory of derived functors. All standard properties of 

' group cohomology and homology are then obtained rephrasing the standard proofs 

■ given in the abelian categories' setting. In this way, one gets the universal coeffi- 
I cients Theorem, Lyndon/Hochschild-Serre spectral sequence and Shapiro's Lemma. 
I Another interesting feature of this theory is that it allows to rephrase and easily 

c~| ■ prove for profinite groups, all definitions and results about cohomological dimension 

"j^ , and duality which hold for discrete groups (see Chapter VIII of |Br j ) . 

S 

■ 1 Complete totally disconnected i?-modules 

I In this and the following four sections, we are going to carry over the algebraic preliminaries 
needed in order to define in a natural way cohomology and homology of profinite groups 
with continuous coefficients. As already mentioned, the categories of coefficients considered 
are not abelian, so one has to state and prove again all the basic results which naturally 
hold in abelian categories. Often, this is done just rephrasing definitions, results and proofs 
given in that context. 

Let i? be a topological compact unitary ring, by Corollary 4.2.24 in |A-(T-Mj . R has a 
basis {/j} of open neighborhoods of zero consisting of two-sided ideals and R = lim R/Ii, 

where R/Ii is a finite discrete ring, i.e. i? is a profinite ring. 
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1 COMPLETE TOTALLY DISCONNECTED R-MODULES 



Since the center of a Hausdorff topological ring is closed (see Proposition 1.4.39 in 
A-G-Mj ) and Z is compact (Z denotes the profinite completion of the ring of integers Z), 
the Z-algebra structure Z ^ i? extends naturally to a Z-algebra structure Z i?. In 
particular, any topological (left or right) i?-module has a natural structure of topological 
(both left and right) Z-module. 

Definition 1.1 Let Rhe a. topological compact unitary ring, satisfying the first (and so 
the second) countability axiom. 

By a complete totally disconnected (briefly, t.d.) R-module M, we mean a Hausdorff, 
complete, topological left -R-module M, with a basis of neighborhoods of zero consisting 
of open submodules. Moreover, we require that M satisfy the second countability axiom. 
Unless otherwise stated, by a t.d. i?-module we will always mean a left -R-module. 

It is easy to check that the module M is totally disconnected as claimed in the definition. 
Let {f/j}jgN be a basis of neighborhoods of zero consisting of open submodules, then M 
is topologically isomorphic to the inverse limit of the discrete quotients M/Ui, with the 
induced topology (see Theorem 4.2.21 in |A-G-Mj ). Observe that the quotients M/Ui are 
torsion abelian groups, since they are discrete topological Z-modules. Moreover, by the 
countability hypothesis on M, the quotients M/Ui are countable and then metrizable by an 
invariant metric. Therefore, the same holds for their inverse limit M. Thus, in particular, 
every t.d. -R-module M is a complete separable metric space. 

Complete totally disconnected -R-modules and continuous homomorphisms (which we 
call simply maps) form an additive category, which we denote by (-R-mod)* '^'. Indeed, as 
one easily checks, kernels and cokernels exist. Let f : A ^ B he a. map of t.d. -R-modules, 
then ker(/) A is still a map of t.d. -R-modules and the cokernel of / is given by the 
map of t.d. -R-modules B B/lm{f). 

Remark 1.1 The category (-R-mod)* *^' is not abelian, as a simple example shows. Take 
the direct sum ©Z/m of a countable family of groups all isomorphic to Z/m, with the 
discrete topology, and the direct product ]^Z/m of the same family, with the profinite 
topology. There is an injective map i : ©Z/m — > YlZ/m, but lm[i) is not closed in Yl Z/m. 
Moreover, ©Z/m is not homeomorphic to Im(z), with the induced topology, because lm[i) 
is dense in Yl'^/^ and then is not discrete there (see Proposition 1.4.36 in |A-G-Mj ). 

At this point, one needs the notion of strict map. A map of t.d. -R-modules f : M —>■ N 
is strict when it induces a topological isomorphism between M/ker(/) and Im(/). In this 
case, since the quotient module M/kei^f) is complete and is Hausdorff, it follows that 
Im(/) is a closed submodule of A^. Also the converse is true. This follows from the closed 
graph Theorem for topological groups (see Problem R, Chapter 6, in |Kej ) and the fact 
that, as we remarked above, t.d. -R-modules are complete, separable and metrizable. 

Proposition 1.1 A map f : M —' N of t.d. R-modules is strict if and only if Im{f) is 
closed in N. 
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Remark 1.2 The condition of separability is necessary and not only sufficient in order to 
have Proposition 11.11 as the following simple example shows. Consider the direct product 
YlZ/2 of a countable family of groups all isomorphic to Z/2. There is a continuous 
bijective homomorphism from ]^ Z/2 with the discrete topology to Z/2 with the profinite 
topology, which is not in the category (Z-mod)*''^' only because ]^Z/2 is not countable. 

Remark 1.3 (i) From Proposition II. H it follows in particular that any surjective map 
of t.d. i?-modules is strict and then open. More in general, a map is strict if and 
only if it is the composition of a surjective map and a closed emdedding. Instead, as 
we will see in Remark 12.21 the composition of a strict injective map and a surjective 
one is not in general strict. 

(ii) If M G (-R-mod)*''^' is compact, then every map / : M is strict. This follows 

from the fact that Im(/) is compact and then closed in A^. 

Let {Mi, ipij} be a countable inverse system of t.d. -R-modules, the inverse limit lim Mj, 

with the induced topology, is a t.d. -R-module. Instead, for a countable directed system 
of t.d. -R-modules, the existence of a direct limit in (/2-mod)* °'' is not obvious, because, in 
general, the algebraic direct limit is not a t.d. -R-module. However, one has: 

Proposition 1.2 Let {Mi,(f)ij} be a countable directed system in the category {R-mod)^''^' . 
Then the direct limit exists in the category {R-modY''^' , we denote it by limM; and call it 
the completed direct limit. 

Proof. Let M be the algebraic direct limit of {M(,0jj} and let us give M the topology 
defined taking as basis of open neighborhoods of zero the submodules U of M such that, 
for all the canonical maps 0j : Mi M, the submodule (j)^^{U) is open in Mi. In this 
way M becomes a topological -R-module with a basis of neighborhoods of zero given by 
open-closed submodules. Let Uq := flf/j, where Ui varies among all open submodules 
of M, and let M' := M/Uq. Then M' is a Hausdorff topological -R-module and has a 
basis of neighborhoods of zero given by open-closed submodules. By Theorem 4.2.21 in 
|A-G-Mj . the inverse limit lim M' /V, where V ranges among open submodules of M', is 

the completion M' of M'. Therefore M' G (-R-mod)*-''- and we let limM^ := M'. 

Let fi : Mi ^ Nhea system of maps of -R-modules compatible with the maps (pij, where 
is a t.d. -R-module. From the very definition of the topology on M, it follows that the 
induced homomorphism / : M ^ N is continuous. Since any continuous homomorphism 
from -/if to a Hausdorff -R-module factors through M', it is then induced a map /' : M' N. 
Since N is also complete, /' extends uniquely to a map / : M' N of t.d. -R-modules. 
□ 

Remark 1.4 In the sequel, we will denote by lim Mj the ordinary direct limit of the 

directed system of modules {M(,0jj} with the coinduced (or weak) topology. There is a 
natural continuous homomorphism lim Mi — ^ limMj, which, in general, is neither injective 
nor surjective and not even strict. 
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1 COMPLETE TOTALLY DISCONNECTED R-MODULES 



Proposition 1.3 Let {K^} be the set of compact suhmodules of a t.d. R-module M di- 
rected by inclusion, then M is topologically isomorphic to lim K^. 

Proof. From general topology, we know that a Hausdorff space which satisfies the first 
axiom of countability is compactily generated. In particular, a t.d. -R-module M is home- 
omorphic to lim C^, where {C^} is the set of compact subset of M directed by inclusion. 

Therefore M is topologically isomorphic to lim {R ■ Ca), where now {R ■ Ca} is the set of 

compact (for R is compact) submodules of M. □ 

Let Hom;^(M, A^) denote the set of t.d. i?-modules maps between M and A^. According 
to Remark 1.5.37 and Proposition 1.5.38 in |A-G-Mj . Hom/j(M, A^) endowed with the 
compact-open topology, is a Hausdorff topological abelian group and has a basis of open 
neighborhoods of zero given by the subgroups: 

W{K,U) := {/ G Hom^(M,Ar)| f{K) C U}, 

where K is a compact subset of M and U an open submodule of A^. 

Proposition 1.4 Let M,N G {'L-modY''^' , then HomptiM, N) is a Hausdorff, complete, 
topological Z-module with a basis of neighborhoods of zero consisting of open submodules. 

Proof. It remains to show only that llomji{M, N) is complete. Let A^ = lim Nj, with 
{Nj} a tower of discrete t.d. -R-modules, then there is a topological isomorphism 

B.omii{M, N) = hm HomR(M, A^^). 

So it is enough to show that Hom/j(M, A^) is complete when A^ is a discrete i?-module. By 
Proposition 11.31 M is topologically isomorphic to the direct limit lim of its compact 

submodules. There is then a topological isomorphism 

HomR(M, A^) = hm RomniKa, N). 

Since each B.omii{Ka, N) is discrete and, of course, discrete spaces are complete, the propo- 
sition follows. □ 

Remark 1.5 From the proof of Proposition 11.41 it follows that, in order to prove that 
Hom/j(M, A^) is a t.d. Z-module, it is enough to show that a t.d. -R-module is the direct 
limit of a countable family of compact submodules. This will be done in Corollarv 12.11 
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2 Pontryagin duality, injectives and projectives 

Definition 2.1 We say that a t.d. i?-module / is relatively injective if, given a diagram 
in (i?-mod)* '^' 

M ^ M' 

where / is a strict injective map, there exists a map vr' : M' I extending the map vr. 

A version of Baer's Lemma holds also in the category of t.d. -R-modules. 

Baer's Lemma 2.1 A t.d. R-module E is injective if and only if for every closed left 
ideal J of R, every map J ^ E can he extended to a map R ^ E. 

Proof. The proof goes through as usual (see for instance §2.3 in |Wej ) with some obvious 
modifications. □ 

As a first application, note that, since Z is a ring with principal ideals, t.d. divisible 
Z-modules are injective. This is true, for instance, for the p-adic fields Qp and for the 
torsion discrete abelian group Q/Z. 

Proposition 2.1 Given M G (Z-mocT)*''^', let us define the Pontryagin dual of M by: 

M* := Hom{M, Q/Z). 
Endowed with the compact open topology, M* is a t.d. Z-module. 

Proof. By Proposition II. 4t we know that, for M G (Z-mod)*'"^', the module Hom(M, Q/Z) 
is a Hausdorff, complete, topological Z-module with a basis of neighborhoods of zero con- 
sisting of open submodules. Let us prove that it is actually a t.d. Z-module. There is a 
countable tower {Mi, ipij} of discrete torsion abelian groups and surjective maps such that 
M = lim Mi. For every i, let us denote by ^/'j : M -» Mi the natural map. This induces a 

continuous injective homomorphism 

ijj* : Hom(Mi,Q/Z) ^ Hom(M,Q/Z). 

Since a map from M to a discrete module must factor through Mi for some i, there is a 
continuous isomorphism lim Hom(Mj,Q/Z) = Hom(M, Q/Z) and it is not hard to check 

that it is open too and then a topological isomorphism. The conclusion follows because 
each Hom(Mj,Q/Z) is a profinite abelian group, so Hom(M, Q/Z), as the direct limit of 
a countable nest of t.d. Z-modules, satisfies the second countability axiom and then is a 
t.d. Z-module. □ 
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2 PONTRYAGIN DUALITY, INJECTIVES AND PROJECTIVES 



Remark 2.1 Let M G (-R-mod)* '^', one can then make of M* a topological left i?-module 
defining for r G -R and / G Hom(M, Q/Z): 

r ■ /(m) := f{r^^ ■ m) for all m G M. 

Let us check that M* is actually a t.d. -R-module. Let be a compact subset of M. Then 
i?- is a compact submodule of M containing K and W{R- K, 0) is an open i?-submodule 
of Hom(M, Q/Z) contained in W{K, 0). Hence Hom(M, Q/Z) has a basis of neighborhoods 
of zero consisting of i?-submodules. 

Definition 2.2 A sequence of maps of t.d. -R-modules 

is a complex if Im(/j_i) < ker(/j) for all i. The complex is strict if the maps fi are strict 
for all i. By Proposition II. H when Im(/j_i) = ker(/j), the latter condition is automatically 
satisfied. In this case, we say that the complex (or the sequence) is exact. A functor is 
exact if it preserves exactness. 

Since Q/Z is relatively injective, the functor * : (i?-mod)*''^' {R-modY''^' , defined by 
M 1—^ M*, is exact. More precisely, one has: 

Theorem 2.1 The Pontryagin duality functor * is exact and defines a natural equivalence 
between {R-modY''^' and its opposite category {{R-modY''^ )° such that *° o * = id. In 
particular M** = M and HomR{M, N) = HomR{N% M*), for all M,N E {R-modY '^- . 

Proof. A t.d. i?-module M is the inverse limit of a tower {Mi,ipij} of discrete i?-modules 
and surjective maps. As we saw above, then M* = lim M*. The modules M* are profinite 

and so, by Theorem 6.4.1 in |Wij . M** = Mj. Therefore we have 

M** = Hom(lim M*, Q/Z) = lim M** = lim Mi = M. 

Let = lim Nj, with {Nj,(j)j^k} a tower of discrete i?-modules and surjective maps. 
From Theorem 6.4.7 in |Wij . it follows 

RomR{M,N) = hm(limHomR(Mi, AT,)) = 

j i 

= lim(limHomij(Ag, M*)) = Homi?(A^*, M*). 

j i 

Eventually, the naturality of the functor * is obvious. □ 

Corollary 2.1 (i) Let M G {R-modY''^' , then there is a countable nest {/TijigN of com- 
pact submodules of M such that M = lim i^j. 
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(li) Let M,N e {R-modf-'^-, then HoniR^M.N) G {Z-modf-'^- . 

Proof. By Theorem EH M = P* for some P E (i?-mod)* '^-. The t.d. i?-module P is the 
inverse hmit of a countable tower {Pj, ipij}ij^fq of discrete -R-modules and surjective maps, 
hence {P* ,4'ij}i,jeN is a countable nest of compact submodules of M and M = lim P*. 
By Remark 11.51 the second item of the corollary follows as well. □ 

Corollary 2.2 Let f : A ^ C and g : B ^ C he strict maps of t.d. R-modules. Then the 
induced map f + g: A®B^C is strict. 

Proof. By Theorem 12.11 it is enough to prove that (/ + g)* : C* ^ {A® B)* is strict. 
Since (A ©5)* ^ A* ® B\ 

(/ + g)* ^ (/*, g*) : C* ^ A* ® B* . 

Therefore the corollary follows from the fact that both /* and g* are strict. □ 

A very important consequence of Corollarv 12.11 is that strict maps of t.d. i?-modules 
topologically are split: 

Proposition 2.2 (i) A surjective map f : M N of t.d. R-modules is strict and has 
a continuous section. 

(a) An injective map i : M ^ N of t.d. R-modules is strict if and only if it has a 
continuous left inverse. 

Proof, (i): by Corollarv 12.11 there is a countable nest {Ki}i^^ of compact submodules of 
M such that M = lim Ki. Since a surjective map f : M ^ N oi t.d. -R-modules is open, 

then one has also a topological isomorphism = lim f{Ki). Since both Ki and f{Ki) 

are profinite abelian groups, from Proposition 1.3.4 in |Wij . it follows that one can find a 
set of continuous sections {sjjjgN of the maps {/|x-}jgN such that Sj+i extends Sj. Then 
s := lim Si is a continuous section of /. 

{ii): for a strict injective map i : M ^ N ,\ei {Kj}j^fi, be a countable nest of compact 
submodules of such that A^ = lim JC,, topologically. Then one has also a topological 

isomorphism M = lim i~^{Kj) and one can proceed as above. 

On the other hand, it is clear that an injective map i : M N, which has a left 
continuous inverse, is strict. □ 

In (i?-mod)* °'', one has also a notion of topologically free module (briefly, t-free module). 
Let X be a closed subset of a module L G (P-mod)*'"^'. We say that L is the t-free i?-module 
on X, if the following universal property holds: every continuous function from X to a 
module M G (P-mod)* "^' can be extended uniquely to a map from L. The usual argument 
shows that there is, up to isomorphism, at most one t-free module on X. 
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2 PONTRYAGIN DUALITY, INJECTIVES AND PROJECTIVES 



Theorem 2.2 Let X be the inverse limit of a countable tower of countable discrete spaces 
Xi (we say that X is a prodiscrete space). The t-free R-module on X, which we denote 
by R\\X\\, exists. If X is profinite, then also R[[X]] is profinite. There is a canonical 
homomorphism, with dense image, from the ordinary free R-module on X to R[[X]]. 

Proof. Suppose first that X is a discrete countable set. Let then R[X] be the ordinary 
free module on X. If is a finite subset of X, then R[K] has a natural structure of 
compact t.d. i?-module. Consider R[X] with the topology coinduccd by the submodulcs 
Since all the natural injective maps R[K] — R[X] splits, it is not hard to see that 
R[X] is a Hausdorff topological i?-module, with a basis of neighborhoods of zero consisting 
of open submodules and satisfies the 2"^^ countabihty axiom. Its completion R[X] is then 
a t.d. it!-module. So, we let 

R[[X]] ■.= R[X]. 

All the statements of the theorem are clearly satisfied. 

In case X is the inverse limit of a countable tower {X^, of discrete countable sets. 
Then is a countable tower of t.d. i?-modules and we let -R[[X]] be its inverse 

hmit. The natural function X — > -R[[X]] is obtained from the tower of closed embeddings 
Xi -—^ R[[Xi]], hence it is a closed embedding too. 

Let / : X ^ M be a continuous function in a t.d. i?-module which is the inverse 
limit of a tower {Mj,ipij} of discrete t.d. /^-modules. Then / is equivalent to the tower 
of continuous functions {fj : X Mj}j(z^. Each of these functions must factor through a 
discrete quotient pj : X ^ Xj of X and a function /j : Xj — > Mj. So there is a natural map 
Pj* : -R[[X]] — > and, as we have just seen, also a natural map /j^ : — >■ Mj. 

Thus there is a map /j* : -R[[X]] Mj. Since {fj} is a tower of functions, {fj*} is also a 
tower of maps of t.d. i?-modules. Its inverse limit : -R[[X]] — > M is a map extending 
/ and uniquely determined by it. 

The natural map R[X] — > -R[[X]] has dense image because all the maps R[X] — > -R[[Xj]] 
have dense images. 

We conclude observing that, when X is profinite, each i?[[Xj]] = R[Xi\ is compact and 
so the same is true for their inverse limit □ 

Remark 2.2 (i) In general, the fact that the function X ^ M is strict does not guar- 
antee that the induced map -R[[X]] — > M is strict. Let N be the set of positive 
integers endowed with the discrete topology, then a counter-example is given by the 
injective, non strict map Z[[N]] ^ lim(Z/m)[N]. 

(ii) On the other hand, if / : X — > y is either a surjective or strict injective function of 
prodiscrete spaces, as one can easily check, the map /* : -R[[X]] is strict. 

(ni) Let us denote lim (Z/m)[N] by L. The embedding N ^ L induces a strict injective 

map Z[[N]] ^ Z[[L]] and the identity induces a surjective map Z[[L]] L. However, 
as we just remarked, their composition Z[[N]] ^ lim(Z/m)[N] is not strict. Thus, 

the composition of strict maps in (it^-mod)* *^' is not necessarily strict. 



9 



Definition 2.3 We say that a t.d. i?-module P is relatively projective if, given a diagram 
in (i?-mod)* '^': 

P 

where / is a surjective map, there is a continuous map vr' which lifts vr. We say that the 
category (i^-mod)* *^' has enough projectives, if every module in (i?-mod)*''^' is a quotient 
of a relatively projective one. 

Let us take for P in the above diagram. Since / has a continuous section s, there 

is a continuos function s o vr : X ^ M and this defines a map vr' : M, lifting vr. 

Corollary 2.3 A t-free R-module is relatively projective, hence [R-modY''^' has enough 
projectives. 

Remark 2.3 The category of profinite i?-modules is abelian. By Corollarv 12. 3| it follows 
that it is an abelian category with enough projectives. 

Pontryagin duality induces an isomorphism Z* = Q/Z. More generally, we have 

Corollary 2.4 The functor * transforms relatively projective objects of {R-mod)*''^' in rela- 
tively injective objects. In particular, since the category [R-mod)^ '^' has enough projectives, 
it also has enough injectives. 

Proof. If vr : P — M* is a surjective map from a relatively projective t.d. i?-module P to 
the Pontryagin dual of M, then vr* : M = M** — P* is a strict injective map of M into 
the injective t.d. P-module P*. □ 

Remark 2.4 (i) The functor * transforms the abelian subcategory of (P-mod)* '^' con- 
sisting of profinite P-modules, in the abelian subcategory of discrete P-modules which 
instead has enough injectives. The smallest category, containing both of them, which 
has both enough projectives and injectives is (P-mod)*'*^'. 

(ii) The t.d. Z-module Qp is self-dual for Pontryagin duality. In fact, one can check 
that (Zp)* ^ Qp/Zp and, more in general, (Zp[l//])* ^ Qp/p'^Zp. Then, since 
Qp = limZp[l//], one has 

k 

Q;^limQp/p% = Qp. 

k 

Therefore the t.d. Z-module Qp is both relatively injective and projective. 
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3 THE COMPLETED TENSOR PRODUCT 



3 The completed tensor product 

Definition 3.1 Let R and S be compact unitary rings, satisfying tlie first countability 
axiom. A t.d. R — S'-bimodule is a Hausdorff, complete topological R — 5'-bimodule M 
which has a basis of neighborhoods of zero consisting of open submodules and satisfies the 
2"''^ countability axiom. We denote the corresponding category by {R — S'-mod)*''^'. 

By Remark 4.2.23 in |A-G-Mj . if {Ui} is a basis of neighborhoods of zero of M, then 
M = lim M/Ui, where the M/Ui are discrete R — S'-bimodules. 

Proposition 3.1 Let M G (Z-mod)*'"'' be endowed with a structure of topological R — S- 
bimodule, then M is a t.d. R — S-bimodule. 

Proof. By Corollary 12. H we know that M = lim Kj, where {Kj} is a countable nest of 

compact subgroups of M. Therefore M = lim {R ■ Kj ■ S), where now {R ■ Kj • S*} is a nest 

of compact submodules of M. Let Cj := R ■ Kj ■ S, then the maps Hj : R x Cj x S ^ Cj 
form a directed system of continuous surjective maps between profinite spaces. Since all 
such maps are open, their direct limit vr: RxMxS^M is open too. 

Let then U be an open subgroup of M, then 7r^^(f/) is an open neighborhood of 
(0, 0, 0) G R X M X S and so contains a basic open set Ir x U' x Is, where Ir and 
Is are open two-sided ideals of R and S respectively and U' C U is an open subgroup of 
M. Since tt is open Ir ■ U' ■ Is C U is an open submodule of M. □ 

All constructions performed on (i^-mod)* "^' extend to {R — S'-mod)*''^'. In particular, 
inverse and direct limits exist in {R — S'-mod)*''^' for countable families and B.omR{M, N) 
has a natural structure of t.d. Z-module. 

Let M G [R—S-modY''^' and N G (5— T-mod)*'^', then Mx is a prodiscrete space and 
there is a t-free Z-module Z[[M x A^]]. This Z-module has also a natural structure of t.d. 
R — T-bimodule. The map RxMxNxT—>-MxN defined by (r, m, n,t) h-* {r ■ m,n-t), 
extends indeed uniquely to a map 

R X Z[[M X N]]xT ^ t[[M x N]] 

and gives Z[[M x A^]] a structure of topological R — T-bimodule. By Proposition 13. H 
Z[[M X N]] is then a t.d. R - T-bimodule. 

Let K be the closure of the Z-submodule of Z[[M x A^]] generated by the subsets: 

{(mi -|- m2, n) — (mi, n) — (m2, n) \ mi, m2 G M, n G A^} 

{(m, ni + — (m, ni) — (m, 722) | m G M, ni, n2 G A^} 

{{m ■ s,n) — (m, s ■ n) \ m G M, n G A^, s G S*} 

{{k ■ m,n) — k ■ (m, n) | m G M, n & N, k E Z,} 

Note that K is actually an i? — T-submodule of Z[[M x A^]]. 
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Definition 3.2 With the notations introduced above, the completed tensor product of 
M e (R- S-modY'^- and N e (S - T-modf '^-, denoted M0sN, is the quotient t.d. 
R - T-bimodule: 

M§sN := Z[[M X N]]/K. 
The completed tensor product <S>2, will be denoted simply by (8). 

Since there is a canonical map, with dense image, from Z[M x N] to Z,[[M x N]], we 
see that there is also a canonical map with dense image: 

M <^s N — > M§)sN. 

Thus, if TT : Z[[M x N]\ Z[[M x N]\/K is the projection and we let m^n := n{{m, n)) for 
each (m, n) e M xN,we see that the set {m^n\{m, n) E M x N} spans a dense submodule 
of M<SisN and there are the obvious identities: 

(mi+m2)®n = mi®n + m-2®n 
m®(ni + = m®ni + m®n2 
ms®n = m®sn. 

Let Q E {R — T-mod)*'^', a continuous function g : M x N ^ Q is said to be an 
S'-bilinear map if it satisfies the following properties: 

g{mi + m2,n) = g{mi,n) + g{m2,n) 

g{m,ni + n2) = g{m,ni) + g{m,n2) 

g{m-s,n) — g{m,s-n) 

g{r ■ m,n) — r • g{m,n) 

g{m,n-t) — g{m,n)-t. 

Otherwise stated, g is left i?-linear in the first argument, right T-linear in the second and 
compatible with the ^'-module structures on M and N. 

Let g^, : Z[[M x N]] Q he the map induced by g. From the very definition of 
K, it follows that K < kerg^*. Hence there is a map of t.d. R — T-bimodules, uniquely 
determined by g: 

g^ : M®sN — ^ Q. 

Moreover, denoting by 6* : M x iV — >• M^^iV the ^-bilinear map defined by (m, n) h- >• m^n, 
the 5"- bilinear map g factors uniquely through 9 and gfj. The completed tensor product 
M<SisN is determined by this property. If we consider 5'-bihnear maps as the objects of a 
category, with maps given by commutative diagrams: 

M xN Q 
\'' if 

Q', 
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3 THE COMPLETED TENSOR PRODUCT 



where / is a map of i? — T-bimodules, then the S'-bihnear map 9 : M x N ^ M^^iV is a 
universal object in this category. 

It is not difficult then to prove the standard properties of tensor products also for 
completed tensor products. 

Proposition 3.2 (i) let M G {R — S-modY''^' , then there are natural topological isomor- 
phisms 

R®rM = M and M®sS = M; 

(ii) let M E {R- S-modf-'^-, N e {S - T-modf-'^- and P e {T - U-modf-'^-, then there is 
a topological isomorphism of R — U -himodules 

{M®sN)®tP = M§s{N^tP); 

(Hi) let M = lim Mj and N = lim Nj, topologically, where M and all Mi are t.d. R — S- 

himodules and N and all Nj are t.d. S — T-bimodules. There is then a topological 
isomorphism of t.d. R — T-bimodules 



M^sN = lim {Mi^sNj 



(iv) let f : M —>■ P be a map of t.d. R — S-bimodules and g : N ^ Q a map of t.d. 
S — T-bimodules, then there is a map of t.d. R — T-bimodules 

fr^sQ : M®sN P^sQ, 
determined by f(g)sg{m^n) := f{m)^g{n). 

Let M e {R- ^-mod)*-^- and N e {R - T-mod)* "^-. The t.d. Z-module HomH(M, A^) 
has a natural structure of t.d. S — T-bimodule defined, for / G Homij(M, A^), by: 

(s ■ f){m) = f{m ■ s) for all m G M and s G S", 
(/ . t){m) = f{m) ■ t for all m G M and t G T. 

Theorem 3.1 Let M e {R - S-modf^-, N e {S - T-modf^- and P e {R - U-modf'^-. 
Then there is a natural topological isomorphism of t.d. T — U -bimodules: 

Homn^M^sN, P) ^ Homs{N, HomR^M, P)). 

Proof. The above theorem is just the combination of two well known results. One is the 
adjointness between tensor products and hom functors (see Proposition 2.6.3 in |Wej ) . the 
other is the corresponding adjointness in topology (see Theorem 3.9 in |Huj ). □ 



Let M e {R- 5'-mod)*-"'- and N e {S - T-mod)*-'^-. The Pontryagin dual M* 
Hom(M, Q/Z) has also a natural structure of 5 — i?-bimodule defined, for / G M*, by 

(s ■ / ■ r)(m) = f{r ■ m ■ s) for all m G M, s & S, r & R. 

If we let P = Q/Z in Theorem 13. H we get 
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Corollary 3.1 Let M E {R — S-modf''^' and N E {S — T-modf''^' , then there is a natural 
topological isomorphism oft.d. T -modules: 

{M®sNy = HomsiN,M*). 

Definition 3.3 Let F be a covariant functor from [R-modY '^' to (5'-mod)* '^'. We say that 
F is right exact (respectively left exact) if, given a short exact sequence of t.d. -R-modules 

^ A A 5 A C ^ 0, the induced sequence of t.d. S'-moduIes 

F{A) F{B) F{C) (respectively ^ F{A) F{B) F{C)) 

is exact. Right and left exactness for controvariant functors are defined similarly. 

Remark 3.1 We say that a functor F : (i?-mod)*''*' (S'-mod)* '^' is strict when it pre- 
serves strictness of maps. From the above definition, it follows immediately that right 
exact functors are strict. 

Proposition 3.3 (i) Let M E {R — S-modY'"^' , then the covariant functor Homji{M, _) 
is left exact and strict. The same statement holds for the controvariant functor 
HomR{_, M). 

(a) Let M e {R — S-modY''^' and N G {S — T-modY''^' , then the covariant functors M®s- 
and J§isN are right exact and strict. 

Proof. Left exactness of the functors Homij(_, M) and Hom/j(M, _) can be proved in the 
usual way. Right exactness of the functors M®s- and J^s^ then follows from Corollarv l3.1l 
and exactness of the functor *. So, as we remarked above, in particular, they are strict. 
Strictness of the functors Hom^(_, M) and Yiom^^M, _) follows from Corollary 13.11 and 
strictness of the functors M*®ii_ and -^rM respectively. □ 

For any given M G (Z-mod)*'^' the module M<S)Qp is divisible and therefore, by Baer's 
Lemma 12.11 relatively injective. In Remark 12.41 we saw that Qp is a relatively projective 
t.d. Z-module. By Proposition 13. 3| we have then 

Corollary 3.2 The functors Hom{_, M^Qp) and -®Qp are exact. 

4 Derived functors in (i?-mod)^^ 

Even though the category of t.d. -R-modules is not abelian but only additive, one can 
develop a theory of derived functors like in abelian categories. Resolutions in (i^-mod)* "^' 
are defined as follows: 

Definition 4.1 (i) A projective resolution of a t.d -R-module M is an exact sequence: 

. . . P2 ^ Pi ^ Po ^ M ^ 0, 
where Pi is a relatively projective t.d. i?-module, i >0. 
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4 DERIVED FUNCTORS IN {R-MODf- 



(ii) An injective resolution of M is an exact sequence: 

^ M ^ /° ^ ^ /2 ^ . . . , 
where P is a relatively injective t.d. i?-module, j > 0. 

In order to define derived functors, we need the two basic results below. 

Compcirison Theorem 4.1 Suppose that for M,N e {R-mod)* '^- we are given a projec- 
tive resolution: 

. . . ^ P2 ^ A ^ ^ M ^ 0, 

and an exact sequence: 

...^Q2-^Qi-^Qo^ N ^0. 

Then a map f : M ^ N extends to a chain map f, : P, ^ Q,, and two such extensions 
differ by a homotopy. A similar result holds for injective resolutions. 

Proof. The proof goes through exactly as in the context of abehan categories. □ 

Horseshoe Lemma 4.1 Suppose given a commutative diagram: 



i 

A' ^ 
A 

A" 

i 


where the column is exact and the rows are projective resolutions. Set Pn = P/j©P". Then 
the Pn assemble to form a projective resolution P, A A, and the right-hand column lifts to 
an exact sequence of complexes 

^ A P. A p; ^ 0, 

where in'- Pn ^ Pn CLnd 7r„ : Pn — >■ P^' are the natural inclusion and projection respectively. 
A similar result holds for injective resolutions. 

Proof. The proof goes through exactly as in the context of abelian categories. □ 

Corollciry 4.1 Let f : A ^ B be a strict map of t.d. R-modules. Then there are projective 
resolutions P, — > A and P^ ^ B connected by a strict chain map f»:P,^ Pj lifting f. A 
similar result holds with injective instead of projective resolutions. 
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Proof. A strict map f : A ^ B gives rise to two short exact sequences 

^ ker(/) Im(/) 

^ Im(/) ^ B ^ coker(/) ^ 0. 

Taking projective resolutions of ker(/), Ini(/) and coker(/) respectively, by the previous 
Lemma, they assemble giving projective resolutions P, ^ A and P,' —>■ B, which have the 
required property. □ 

Definition 4.2 (i) Let F : (i?-mod)* '^' (S'-mod)*''^' be an additive right exact functor. 
The left derived functors LiF, i > 0, are defined choosing for A G {R-modY '^' a 
projective resolution P, ^ A and letting LiF{A) := Hi{F{P,j). With the quotient 
topology, this is a t.d. 5- module, for right exact functors are strict. Let f : A ^ B 
be a map of t.d. i?-modules, Q, ^ B a. projective resolution and /, : P, — Q, a 
chain map lifting /, we define Li{f) by 

H.,Cf.) : UF{A) L,F{B). 

(ii) Let G : (P-mod)*'*^' (S'-mod)* '^' be an additive left exact strict functor. The right 
derived functors R^G, i >0 are defined, choosing for any A e (P-mod)*'*^' an injective 
resolution A ^ I* and letting R^G{A) := H\G{I')). With the quotient topology, 
this is also a t.d. S'-module. Let / : A — P be a map of t.d. P-modules, P — J* an 
injective resolution and /•:/*—*> J* a cochain map lifting /, we define P*(/) by 

H\f') : R'G{A) -> R'G{B). 

Since P(Pi) ^ P(Po) ^ F{A) ^ and ^ G{A) G{P) ^ G{F) are exact, we 
have LqF{A) ^ F{A) and R^G{A) = G{A), topologically. The proof that LiF{A) and 
RG{A) are well defined up to natural (topological) isomorphism goes through as usual by 
means of the Comparison Theorem 14.11 Since F and G are additive functors, it follows 
that LiF {A) and R^G{A) are additive functors too. By Corollarv 14. they are also strict. 

The proof that LiF{A) and R^G{A) form, respectively, universal homological and co- 
homological 5-functors (see Definition 2.1.1 and 2.1.4 in |Wep proceeds as follows. 

The long exact sequences, associated to a short exact sequence 0— >^y4— >P— >^C— >0 
of t.d. P-modules, 

. . . ^ KF{A) L„F{B) ^ L„F{C) ^ L„_iP(A) ^ . . . ^ LoF{C) ^ 

^ P°G'(A) ^ . . . ^ P"-iG'(C) ^ R^GiA) P"G(P) ^ P"G'(C) ^ ... 

are given by the long exact homology and cohomology sequences associated to the short 
split exact sequences of complexes provided by the Horseshoe Lemma f4. II 

^ p(p:) ^ p(p.') © p(p:) ^ p(p:) ^ o, 
^ G(/:) ^ ^(1:) © ^(1:) ^ ^(1:) ^ 0. 
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4 DERIVED FUNCTORS IN {R-MODf- 



The naturality of the connecting maps 5 is proven as usual (see Theorem 2.4.6 in |Wej ) . 
By dimension shifting, one can then prove that, given another homological (respectively 
cohomological) 5-functor Hi (resp. W) from (i^-mod)*'*^' to (S-mod)*'*^' and a natural 
transformation fo : Hq —>■ F (resp. : G ^ H^), there exists a unique morphism of 
5-functors {fi : Hi — >• LiF} (resp. {g^ : K'G H^}) extending / (resp. g). 

In Proposition 13.31 we showed that B.omji{A, _), for A & {R — S'-mod)*''^', is a strict left 
exact functor from {R-mody^'^^ to (5'-mod)*''^' and M®^., for M E {R — S'-mod)*'"'', is a 
right exact functor from (S'-mod)*''^' to (i?-mod)*''^', so we can form the derived functors 

• Ext]i{A,B) := RmomR{A,_){B), for B G (i^-mod)*'"^-, 

• Torf(M, A^) := Li{M0s-){N), for G (5-mod)*-^-. 

Since the controvariant functor Hom/j(_, 5) is strict left exact and -'S>sN right exact, one 
can also form the derived functors -R*HomR(_, _B)(A) and Li{_<^sN){M). As usual, this 
yields nothing new. 

Theorem 4.1 There are topological isomorphisms: 

(i) R'HomR{A,_){B) = R^HomR{_,B){A), 

(ii) U{M®s-){N) = U{_®sN){M). 

Proof. Before proceeding in the proof, let us introduce spectral sequences in the context 
of t.d. i?-modules. 

Let K' be a strict cochain complex of t.d. i?-modules with a given decreasing sequence 
of closed sub complexes 

K* = F^K' D F^K* D ■ ■ ■ D F^fsT* D . . . 

As it is shown for instance in § 4.2, ||Goj, one can associate to such filtered complex a 
spectral sequence {E^'^.dr}- By the explicit description of its terms and differentials, one 
sees that each i?^'^, with the quotient topology, is a t.d. i?-module and that the differentials 
dr : E^''^ j^p+r,q-r+i strict maps. Let us assume that the filtration on K* is regular, 
then, letting E^o '■= lini Er, there is a topological isomorphism 

r — >QCi 

E^ = GtP{HP+\K*)). 
In this case we say that the spectral sequence {E^'^, dr} converges to H^^'^{K*) and write 

^ HP+^iK*). 

A map of filtered complexes / : K* L* induces a map /* : Er{K*) Er{L*) between 
the respective spectral sequences. If both complexes have regular filtrations and for some 
r the map /* is an isomorphism, then, by the comparison Theorem for spectral sequences, 
the same is true for the map on cohomology 



/* : H'{K*) H'{L'). 
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Lemma 4.1 (i) Let K" be a strict first quadrant double cochain complex, then the total 
complex Tot{K") is also a strict cochain complex. 

(a) Let K" J" be a strict map of first quadrant double cochain complexes, then the 
induced cochain map Tot{K") — > Tot{J") is also strict. 

Proof. The first statement follows from Proposition \2.2\ the second one is trivial. □ 

Let K" be a strict first quadrant double cochain complex with horizontal differentials 
d and vertical differentials 6, then Tot{K'*) is a strict cochain complex with two natural 
regular filtrations giving rise to the spectral sequences 

• 'Ef = Hl{Hl{K")) ^ HP+%Tot{K")) 

• "Ef = Hl{HP{K")) HP+i{Tot{K")) 

At this point we can prove Proposition 14. II Let us prove i), then ii) can be proven like- 
wise. Let P, be a projective resolution of A and /* an injective resolution of B. By Propo- 
sition 13.31 the double cochain complex Hom^(P,, /*) has exact rows and exact columns. 
Moreover, there are double cochain complex maps from B.omji{A, I') and Hom/j(P,, B) to 
Homij(P,,J*) (here A and B are considered as complexes concentrated in degree zero). 
From the two above spectral sequences, it follows immediately that both maps induce 
topological isomorphisms on cohomology. So, eventually, one gets 

RRomjiiA, _){B) ^ H\Rom{A, I')) ^ 

= iJ^(Tot(HomH(P.,r))) = H\EomR{P.,B)) = Mom^(_, P)(A). 

□ 

5 Hypercohomology 

Definition 5.1 Let A* be a non-negative strict cochain complex of t.d. P-modules. A 
Cartan-Eilenberg resolution I" of A' is a first quadrant strict double complex, consisting 
of relatively injective t.d. P-modules, together with a strict chain morphism (the augmen- 
tation) A' 7*° such that for every p: 

• If A^ = 0, the column P* is zero; 

• The vertical maps induced on horizontal coboundaries and horizontal cohomology 

6' : BP{A') ^ PP(/'0) ^ PP(/'i) ^ ... 
5" : HP{A') HP{I'°) HP{r^) ^ ... 

form injective resolutions of Bp{A') and Hp{A*). 
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5 HYPERCOHOMOLOGY 



Remark 5.1 It follows from the above two conditions that the columns P' and 

the vertical maps induced on horizontal cocycles Zp{A') — > Z^{I*^) — Z^{I'^) ^ . . . also 
form injective resolutions. Indeed, for all p,q > 0, there are topological isomorphisms 

and the horizontal differential d : P'^ — >■ is induced by the projection onto B^^^{I"^) 

followed by the embedding in while the vertical differential 5 : —>■ IP'1~^^ is the 

direct sum of the differentials S' and S". 

Lemma 5.1 The total complex of a Cartan-Eilenherg resolution I" of a strict cochain 
complex A' is a strict cochain complex quasi-isomorphic to A' (i.e. the cochain map 
A' —y Tot{I") induces a topological isomorphism on cohomology). 

Proof. The lemma follows immediately from Definition 15.11 Lemma 14.11 and a standard 
spectral sequence argument. □ 

Using Horseshoe Lemma f4. II and following the pattern of the proof of Lemma 5.7.2 in 
|Wej . one can prove 

Lemma 5.2 Every cochain complex A* has a Cartan-Eilenherg resolution. 

A homotopy between two double cochain complexes maps is defined in a way that it 
induces a homotopy of the corresponding maps of total complexes (see Definition 5.7.3 in 

Proposition 5.1 Let f : A' ^ B* be a cochain map and A* — ^ B' — J" Cartan- 
Eilenherg resolutions. There is a douhle cochain complex map f : I" J" lifting f. 
Moreover, f is uniquely determined up to a continuous homotopy. 

For the proof, one proceeds like in the abelian categories' setting. 

Definition 5.2 Let F : (i?-mod)* '^' (S'-mod)*''^' be an additive left exact strict functor. 
If A' is a strict cochain complex in (i?-mod)* '^' and and A' I" is a Cartan-Eilenberg 
resolution, we define M'F(A*) to be i^*Tot(-F(/")). From Proposition 15.11 it follows that 
M*F(y4') is indipendent of the choice of /**. Let f : A* ^ B' he a cochain map and 
/ : /•* J" a map of Eilenberg-Cartan resolutions lifting /, we define M*(/) to be the 
map 

H\Tot{f)) : WF{A') WF{B'). 
The WF are called the right hyperderived functors of F. 

The spectral sequences of a double complex, which we considered at the end of Section^ 
in this context become 

Proposition 5.2 There are two convergent spectral sequences 
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• "Ef = BPF{H^{A')) =^ W+'^F{A'). 

Proof. The first spectral sequence is obtained differentiating first by columns and then by 
rows. The second one differentiating first by rows and then by columns (see the decompo- 
sition of P'^ given in Remark 15. Ij) . □ 

Corollary 5.1 (i) If A' is exact, WF{A') = for all i. 

(a) A quasi-isomorphism f : A* B* induces isomorphisms 

WF{A') ^WF{B'). 

(iii) If all A« are F-acyclic, that is RpF{A'^) = Q for p ^ 0, then 

RiF{A') ^ H'i{F{A')) for all p. 

Let F : (i?-mod)*-^- ^ (^-mod)*-'^- and G : (S-mod)* '^- ^ (T-mod)*-^' be two left exact 
strict functors. So that we have the commutative diagram 

(i?-mod)*-^- (S-mod)*-"^- 
GF\ /g 
(T-mod)*'^- 

Grothendieck spectral sequence 5.1 In the above setup, suppose that F sends rela- 
tively injectives of {R-mod)^-^- to G-acyclic objects of {S-modY''^' . Then there is a conver- 
gent spectral sequence for each A G {R-modY''^' : 

= RP+\GF){A). 

The edge maps in this spectral sequence are the natural maps 

{RPG){FA) RP{GF){A) and R\GF){A) ^ G{R''G{A)). 

The exact sequence of low degree terms is 

^ {R^G){FA) ^ R\GF){A) ^ G{R^F{A)) {R^F){GA) ^ R^{GF){A). 

Proof. Choose an injective resolution A ^ I* oi A m (i?-mod)*'"'', and apply F to get a 
strict cochain complex F{I*). Take a Cartan-Eilenberg resolution of F{I*) and form the 
hyperderived functors WG{F{I')). The second spectral sequence of Proposition 15.21 and 
item (iii) of Corollarv 15. II give Grothendieck spectral sequence. □ 

Remark 5.2 The hyperhomology L(y4,) of a chain complex of t.d. -R-modules A, is de- 
fined dualizing all the above definitions, lemma's and properties. There are hyperhomology 
spectral sequences and then a Grothendieck spectral sequence in a homology set-up. 
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6 COHOMOLOGY AND HOMOLOGY OF PROFINITE GRO UPS 



6 Cohomology and homology of profinite groups 

Let G be a profinite group, i.e. a totally disconnected compact topological group. Let us 
assume, moreover, that G has a countable basis of neighborhoods of the identity. These 
assumptions on G are satisfied by profinite groups which occur in most of the applications 
and will be mantained all through the paper. The idea of restricting to groups satisfying 
the above separability condition comes from [M], where a cohomology theory of topological 
groups with continuous coefficients is developed in greater generality. 

The completed group algebra of G over Z, denoted by Z[[G']], is a Hausdorff com- 
pact unitary topological ring which satisfies the first axiom of countability and then the 
conditions of Definition ILll 

Let M G (Z-mod)*''^', we say that M is a t.d. G-module if there is a continuos left 
action p : G x M — > M of G on M. The G-module structure p extends uniquely to a 
map : Z[[G]]®M — > M and, as one easily checks, gives M a structure of topological 
Z[[G]]-module and then, by Proposition IH. If of t.d. Z[[G]]-module. The converse is clearly 
also true. So we have: 

Proposition 6.1 The category of t.d. G -modules is equivalent to the category of t.d. 
Z[[G]]-modules. 

For a profinite subgroup G and a t.d. G-module A, let us define: 

• the invariant submodule A^ := {a G A\ga = a for all g G G}; 

• the module of coinvariants Aq := A j < ga — a\ for all (? G G and a G A > . 

Remark 6.1 The invariant submodule A^ is closed in A because it is the intersection of 
the closed submodules ker(a ga — a). Instead, the submodule of A generated by 

{(yfa — a\ for all G G and a G A} 

a priori is not closed. So, as module of coinvariants, one takes its closure in A. 

The augmentation map ec '■ Z[[G]] — Z is the map of Z-algebras defined sending G to 1. 
Its kernel Xq, called the augmentation ideal of Z[[G]], is the closure of the ideal of Z[[G]] 
generated by the elements k{g — 1) for all A; G Z and g & G. The augmentation map 
gives to Z a structure of t.d. Z[[G]]-module. There are natural topological isomorphisms 

. A^ = Hom^(Z, A«) = Hom^[[^jj(Z, A), 

. Aa = A/(JG-A) = Zg^[[c]]A 

Definition 6.1 Let G be a profinite group which has a countable basis of neighborhoods 
of the identity. Then the cohomology and homology of G with coefficients in the t.d. 
G-module A are defined respectively by 
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. i/HG',A)=Ex4jj^„(Z,A), 

• = Torp"(Z,A). 

Remark 6.2 In Corollary 12.11 we saw that any t.d. G-module A is the direct limit of a 
countable nest {Aijjgpj of compact submodules. From Proposition EIH it then follows that, 
for all A; > 0, there is a topological isomorphism 

HkiG,A) = \\mHkiG,Ai). 

i 

Less trivially, a similar statement holds also for cohomology. Indeed, by Theorem \4.1\ one 
can compute the cohomology of G out of a compact projective resolution P, — >■ Z and, for 
a compact t.d. G-module G, there is a topological isomorphism 

Hom^[[e]](C, A) = lmiHom^jj(5]](C, Ai). 

i 

Therefore, for all A; > 0, there is a topological isomorphism 

H\G,A) ^ lim H''{G,Ai). 

i 

Cohomology and homology of profinite groups are related by Pontryagin duality. By 
Corollary one has indeed 

Proposition 6.2 Let A he a right t.d. G-module and consider A* as a left t.d. G-module. 
For all i >Q, there is a natural topological isomorphism 

H,{G,A)* = H\G,A*). 

Corollary 6.1 Let A he the inverse limit of a countahle tower {y4j,(/)jj} of discrete t.d. 
G-modules with all the maps (pij surjective. There is then, for all k, a natural topological 
isomorphism 

H\G,A) = lunH''{G,Ai). 

i 

Proof. As we saw in Section |2l there is a natural topological isomorphism A* = lim A*. 

By Theorem l4.H the groups Hi{G, A*) can be computed by means of a projective resolution 
of the t.d. Z[[G]]-module Z. By Proposition 13. 2[ there is then a topological isomorphism 
Hk{G,A*) ^ lim Hk{G,A*), and, from Proposition lO one has 

H''{G,A) = Hk{G,A*y = }lom{\imHk{G,A*),Q/Z) = lim H\G,Ai). 

i i 

□ 
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6 COHOMOLOGY AND HOMOLOGY OF PROFINITE GRO UPS 



Universal CoefRcient Theorem 6.1 Let A be a trivial t.d. G -module, there are, non 
canonically, split short exact sequences 

^ Ext\Hi_i{G, Z), A) H\G, A) Hom{Hi{G, Z), A) ^ 

^ Hi{G, ±)®A Hi{G, A) Tori{Hi^i{G, Z),A)^ 0. 

Proof. One proceeds as usual. Let P, Z be a free resolution of the t.d. Z[[G]] -module 
Z and consider then {P,)g = -P»®z[[g]]^- This is a chain complex of projective compact 
t.d. Z-modules (each of them is a direct summand of a free compact t.d. Z-module). The 
group G acts trivially on A. Therefore, there are natural topological isomorphisms: 

Hom^j[^]j(P., A) ^ Hom((P.)G, A) and P.^^^^g]]^ = (P.)g®^, 

At this point, observe that a compact t.d. Z-module (i.e. a profinite abelian group) is 
projective if and only if it is torsion free (for its Pontryagin dual is injective if and only 
if it is divisible). Thus, a submodule of a projective compact t.d. Z-module is projective. 
Therefore, the chain complex (P,)g splits (non canonically). One then applies a standard 
argument (see §3.6 of |Wep to conclude. □ 

By Theorem 14. we can compute the groups W{G,M) out of a projective resolution 
of the t.d. Z[[G]]-module Z. A standard resolution used for this purpose is the so called 
bar resolution. For a complete description of it, we refer the reader to Section 9.8 of |Wij . 
Using the bar resolutions, it is not hard to see that the groups H^{G, M) are given by the 
cohomology of the cochain complex, endowed with the compact-open topology, 

C"(G,M) := {continuouos functions / : ^ M}, 

and differentials dn : C"-i(G, M) ^ C"(G, M) defined by 

{dnf){Xi, . . . ,Xn) = Xi ■ f{x2, . . . ,Xn) + 

+ ^(-l)7(a;i, • • • , XiXi+i, ...,Xn) + (-l)"/(a;i, . . . , x^-i). 

i=l 

The group of 1-cocycles is then 

Der(G', M) = {cont. functions D : G ^ M\D{gh) = g ■ D{h) + D{g) for all g,heG} 
and its elements are called derivations. While the group of 1-coboundaries is 

PDer(G', M) = {D^ : G ^ M, where D^{g) = g ■ m - m, for all g e G,m e M} 
and its elements are called principal derivations. 
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Proposition 6.3 There is a natural topological isomorphism: 

H\G,M) = Der{G,M)/PDer{G,M). 

Let if be a closed subgroup of a profinite group G and let A be a t.d. if- module. The 
induced and coinduced G-modules are defined to be 

Ind^(A) := Z[[G]]§^[[^]]A; Coindg(A) := Hom^„^]j(Z[[G]], A). 

As we have seen in Section 01 these groups have a natural structure of t.d. Z[[G']] -modules 
induced by the right Z[[G']] -module structure of Z[[G]]. 

Shapiro's Lemma 6.1 With the above notations, for every i > 0, there are natural topo- 
logical isomorphisms 

Hi{G,Ind^{A)) = Hi{H,A) and H\G, Comd^ (A)) = H%H,A). 

Proof. According to Proposition 1.3.4 and 7.6.3 in |Wij . there is a homeomorphism G = 
H X T, where T is a cross section of the fibration of G over the coset space Q = {Hg\g G 
G} and Z[[G]] is the t-free Z[ [if]] -module on T. Let P. ^ Z be a t-free Z[[G]]-module 
resolution, then P, ^ Z is also a t-free Z[ [if]] -module resolution. Therefore the homology 
of the chain complex 

-^•®Z[[G]](^[[^]]®Z[[/f]]^) — ^•®Z[[H]]'^ 

is both Torf[[^]l(Z,Z[[G]]g^f[^]]A) = H,{G,lnd^{A)) and Tot^^™{Z,A) = H,{H,A). 

As to cohomology, by Theorem Kllf there is a natural topological isomorphism of cochain 
complexes 

Hom^[[^jj(P.,Hom^jj^]](Z[[G]], A)) - Hom^jj^]](P., A). 
Therefore there is a natural topological isomorphism between 

Ext-jj^„(Z,Hom^[[^jj(Z[[G]],A)) = ii-(G, Coindg(A)) 
and Ext|jj^jj {^,A) = H' {H, A) . □ 

Remark 6.3 If the subgroup H has finite index in G, there is an isomorphism of t.d. 
G-modules 

Indg(A) = Coindg(A). 
The proof goes through likewise to the discrete case (see Lemma 6.3.4 in |Wej ) . 

Let p : H ^ G he a. continuous homomorphism of profinite groups, then the forgetful 
functor from t.d. G-modules to t.d. if -modules is exact and for every t.d. G-module A 
there is a natural embedding A^ (p^A)^ and a natural surjection {p^A)^ -» Aq- These 
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two maps extend uniquely to the morphisms p* = res^ (called restriction) and = cor^ 
(called corestriction) of 5-functors 

resg : H'{G, A) ^ H'{H, p^A) and cor| : H,{H, p^A) H,{G, A). 

Let be a closed normal subgroup of a profinite group G and let p : G —>■ G/N . Let 
also A be a t.d. G-module, then the composites 

inf : H'{G/N, A^) "-^ H'{G, A^) H'{G, A) and 
coinf : H,{G, A) H,{G, An) H,{G/N, An). 

are called the inflation and coinflation maps. On inflation induces the isomorphism 
l^j^N-^G/N ^ j^G coinflation induces the isomorphism Aq = {Ah)g/h- 

Let us observe, moreover, that there are natural topological isomorphisms 

^^^z[[G]] (P"^' ^) - Hom^[[^/^]] {B, A^) and 

Hom£jj^]](A,p«5) ^ Hom^[[g/^jj(A;v,5). 

Since is exact, from a standard argument, it follows that the functor (-)^, from t.d. 
G-modules to t.d. G/iV-modules, preserves injectives and the functor {_)n preserves pro- 
jectives. So there are Grothendieck spectral sequences 15. II for the compositions of functors 
((-m"^ = (r and ( (_Ug/^ = (_)g. 

Lyndon/Hochschild-Serre spectral sequence 6.1 Let N be a closed normal subgroup 
of a profinite group G and A a t.d. G-module. There are two convergent spectral sequences 

El^ = HP{G/N, H'^{N, A)) Hp+'i{G, A); 

El, = Hp{G/N, H,{N, A)) H^+.iG, A). 

The edge maps H'{G/N,A^) H*{G,A) and H*{G,A) H'{N,A)^I^, in the first 
spectral sequence, are induced by the inflation and restriction maps. The edge maps 
H,{G, A) H,{G/N, An) and H,{N, A)g/n H,{G, A), in the second spectral sequence, 
are induced by the coinflation and corestriction maps. 

Remark 6.4 The exact sequences of low degree terms are respectively 

^ H\G/N, A^) H\G, A) H\N, A)^/^ A H\G/N, A^) H\G, A); 

H,(G, A) '"-^^ H2{G/N, An) ^ H,{N, A)g/n "-^ H,{G, A) H,{G/N, An) - 0. 

Let p : G ^ G' be a homomorphism of a discrete group in a profinite group. The 
forgetful functor p^ from t.d. G'-modules to G-modules is exact. For every t.d. G'-module 
A, there are a natural injection A'~^ (pM)*^ and a natural surjection (pM)^ Aq'. 
These two maps then extend uniquely to the two morphisms of (5-functors: 

p* : H'{G', A) H'{G, pM) and p* : H,{G, p^A) ^ H,{G', A). 
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Definition 6.2 Let G' be a profinite completion of G and let p : G ^ G" be the natural 
liomomorphism. We say that G is good with respect to the completion G' if for all t.d. 
G"-module A the induced map p* is an isomorphism for z > 0. If this happens for the 
profinite completion G' of G, then G is called good (this is the original definition of Serre 
in exercise 2, [Se , §2.6). 

We say, instead, that G is p-good with respect to the completion G' if for all t.d. 
]9-primary G'-module A (i.e. A = A®Zp) the induced map p* is an isomorphism for i > 0. 

The category of t.d. G-modules is the natural context in which to consider this notion 
(formulated by Serre in the category of finite G'- modules), as the following proposition 
shows. 

Proposition 6.4 Let G be a discrete group of FP^ type (see § VIII of IBr^ for this notion). 
Let G' he a profinite completion of G and p : G G' the natural homomorphism. The 
following properties are then equivalent: 

An: For any (resp. any p-primary) t.d. G' -module A, the map p* : H^{G',A) — * H\G,A) 
is bijective for i < n and injective for i = n + 1. 

B^: For any discrete finite (resp. p-primary torsion finite) G' -module A, the map p* : 
W{G', A) H^iG, A) is surjective for all i < n. 

Gn For any discrete finite (resp. p-primary torsion finite) G' -module A, the map : 
Hi{G, A) Hi{G', A) is injective for all i < n. 

Dn: For any (resp. any p-primary) t.d. G' -module A, the map p* : Hi{G,A) Hi{G',A) 
is bijective for i < n and surjective for i = n + 1. 

Proof. [An] =^ [Bn]: obvious. 

[Bn] =^ [An]'- Let A = lim Ai, where {Aijipij} is a tower of finite G'-modules and 

surjective G'-module homomorphisms. By Corollary 16.11 one has 

H\G',A) = lim H\G',Ai). 

On the other hand, by the FPoo condition imposed on G and Theorem 3.5.8 in |Wej . one 
also has 

H\G,A) ^ lim H\G,Ai). 

Therefore, property [Bn] holds with coefficients in any t.d. compact (resp. p-primary 
compact) G'-modules. Let A be a t.d. (resp. p-primary t.d.) G'-module. Bv Corollarv l2.ll 
A is the direct limit of a nest of compact submodules. By Remark 16.21 and Theorem 4.8 
in |iBrj . the cohomology of both G' and G commute with such direct limit. Thus, property 
[Bn] holds with coefficients in any (resp. any p-primary) t.d. G'-module. So let A be any 
(resp. any p-primary) t.d. G'-module. Consider the embedding of A in the coinduced 
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G'-module ComdQ,{A) (which we denote by Mg'{A)), defined by i{a){x) = x ■ a. There is 
a short exact sequence 

0^ A^ Mc'iA) ^ g ^ 0, 
which yields on cohomology a commutative diagram with exact rows {k > 1) 

...^ H^-\G',A) H^-\G',Q) H\G',A) H^{G\Mg'{A)) =0 

...^ H''-\G,A) H^-\G,Q) H''{G,A) H^{G,Mg'{A)) . . . 

Property [y4„] follows then from induction on k and the five-Lemma (observe that if A is 
a p-primary t.d. G'-module the same is true for Mgi{A) and then for Q). 

^ [C*n]: this immediately follows from Proposition 16 . 21 and the analogue statement 
which holds for discrete groups of FPqo type. 

[C„] -v^ [-Dn]: one proceeds as above. □ 

7 Cohomological dimension and duality 

Let G be a profinite group. The cohomological dimension of G is defined by 

cd(G') = sup{n e N| H\G,A) ^ for some A e (Z[[G']]-mod)* '^ }. 

A compact t.d. G-module A is the direct product of its p-primary components Ap = A^Zp. 
Therefore, in this case, one has 

H^iG,A)= II H^iG,Ap) 

p prime 

and H"^{G, Ap) is a p-primary module. An arbitrary t.d. G-module A is the direct limit of 
its compact submodules. So, if we define the cohomological p-dimension by 

cdp(G) = sup{n G N| H^{G, A) for some p-primary t.d. G-module A}, 

one has 

cd(G') = sup{cdp(G')| p prime}. 
Observe that, by Corollarv 16.11 one also has 

cd(G') = sup{n G N| H''{G,A) ^ for some finite A G (Z[[G]]-mod)*-^-}. 

Therefore, the cohomological dimensions defined above coincide with those defined in §3 
of jBEj. In particular, all the results stated there hold. 

Remark 7.1 Similarly, one defines the homological dimension of G by 

hd(G) = sup{n G N| Hn{G,A) ^ for some A G (Z[[G]]-mod)*-'^-}. 

From Proposition 16. 2t it follows that hd(G) = cd(G). 
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Definition 7.1 A profinite group G is called of finite cohomological type If cd{G) < oo 
and H"{G, A) is finite for every finite t.d. G-module A. 

Remark 7.2 By Corollary 16.11 the condition that H"'{G,A) is finite for every finite t.d. 
G-module A is equivalent to the condition that the cohomology functors H^{G,S) pre- 
serve compactness (for the homology functors Hi{G,S), this is true without any special 
assumption) . 

All the theory of duahty, as developed in §3, 4 of jHij and §4.4, 4.5 of |S- Wj . works for 
t.d. G-modules. By Proposition 17 in §3.5 of and the following remarks, one has for 
instance (here we rather follow the formulation given in Proposition 4.34 of |S- Wj ) 

Proposition 7.1 Let G be a profinite group of finite cohomological type with cd{G) = n. 

(i) There is a discrete t.d. G-module I{G) and a map i : H^{G, I{G)) Q/Z such that, 
for a t.d. G-module A and f G Hom^^Q^-^{A, I{G)) , the assignment 

T{f) : /7"(G,v4) ^ H''{G,I{G)) ^ Q/Z 
defines a natural isomorphism of controvariant functors of t.d. G-modules 

T://om^[[^„(_,/(G)) = i/"(G,_r. 

(a) The pair {I{G),i) is uniquely determined up to isomorphism. 

(Hi) Let H < G be an open subgroup of G, then I{H) = resfji^IiG)) . 

Proof. For A a torsion t.d. G-module, this is what is proved in §3.5 of jSEj. In general, 
let A be the inverse limit of a countable tower {Ai^ipij}, with ipij surjective for i > j. By 
CoroUarv 16.11 one then has 

Hom^[[^j,(A/(G)) = limHom^jj^„(A„/(G))- 

i 

= lim H''{G,Ai)* = (lim/7"(G, A))* = i/"(G, A)*. 

i i 

□ 

Remark 7.3 One can restate the conclusions of Proposition 17. II in the following way (see 
(4.3.7) and (4.3.8) in |S-Wj ). Let A be a t.d. G-module, then one has, by Theorem 12.11 
and Corollarv 13. H a series of natural isomorphisms 

H-{G,A) - Hom^[[^jj(/(G)*, A*)* - /(G)*§^[[^]]A - H^iG, I{Gr^A). 

Taking Z[[G]] for A, one then gets a natural isomorphism of t.d. G-modules 

/(G)* ^ if"(G,Z[[G]]) 
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Lemma 7.1 Let F be a t-free G -module such that H^{G, F) = 0. Then H^{G, P) = for 
every relatively projective t.d. G-module P. 

Proof. Z,[[G']] is a direct summand of F, hence H^{G, Z[[G]]) = and then the same holds 
for all finitely generated t-free Z[[G']] -modules. A compact t-free Z[[G']]- module M is the 
inverse limit of a countable tower {Mi, ipij} of finitely generated t-free Z[[G]]-modules with 
ipij surjective for i > j. The Pontryagin dual M* is then the direct limit of a countable 
nest {M*,'ip*j} of discrete t.d. Z[[G]]-modules with ip*^ injective for i > j. Since, by 
Proposition 13. 2[ homology commutes with direct limits, from Proposition 16. 2[ it follows 

H^{G,M) = Hk{G,M*y = {lim Hk{G,M*)y = {\im H\G, Mi)*)* = 0. 

i i 

Let X be a pro-discrete space homeomorphic to the direct limit of a countable nest {XjjjgN 
of compact subspaces. Let R := ^[[6*]], then one has -R[[-^]] = limi?[[Xj]]. Since, for a 

compact t.d. -R-module C, one also has 

RomR{C,R[[X]]) = \im}iomn{C,R[[Xi]]), 

it follows that the image of the algebraic direct limit lim H^{G, R[[Xi\]) is a dense subgroup 

of H^{G, hence the latter group is trivial as well. 

Let P be an arbitrary relatively projective t.d. G-module. By Corollarv 12.11 P is the 
direct limit of a countable nest of compact submodules {Pi]- Then, the lemma follows 
because P is a direct summand of the t-free Z[[G]]-module lim_R[[Pj]]. □ 

Thanks to the above lemma, one can characterize the cohomological dimension of a 
profinite group, like that of a discrete group, in the following way: 

Proposition 7.2 Let G he a profinite group with cd{G) < oo, then 

cd{G) = max{n e N\ H'^iG, Z[[G]]) ^ 0}. 

Proof Let cd(G) = k, then the functor H^{G, _) is right exact. If H''{G, Z[[G]]) = 0, from 
Lemma mj it follows that H^{G, F) = for any t-free G-module F. Given a t.d. G-module 
A, there is a surjective map from a t-free G-module F to A. So, one has H''{G, A) = for 
every t.d. G-module A. □ 

The duality theorem, as stated for discrete groups in |Brj (Theorem 10.1), holds also 
for profinite groups 

Theorem 7.1 The following conditions are equivalent for a profinite group G of finite 
cohomological type: 

(i) There is an integer n and a t.d. G-module D{G) such that, for all t.d. G-modules 
M and all integers i, one has H'^-'{G,M) = Hi{G, D{G)^M). 
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(ii) There is an integer n such that H^{G, Z[[G]]0A) = for all i ^ n and all trivial t.d. 
G-modules A. 

(Hi) There is an integer n such that H\G, Z[[G']]) = for all i ^ n and H^{G, Z[[G]]) is 
torsion free. 

(iv) There is a natural isomorphism of homological functors of t.d. G-modules 

H^-\G,_) H.{G,D{G)®_), 
where n = cd{G) and D{G) ^ H^iG, Z[[G]]). 
(v) There is a natural isomorphism of cohomological functors of t.d. G-modules 

Ra^.iG, _) H'{G, Hom{D{G), _)), 
where n = cd{G) and D{G) ^ Z[[G]]). 

Proof (i) (ii): Apply (i) with M = IndciA), then D{G)®M = l-n.d].{D{G)®A) and 
{ii) follows from Shapiro's lemma. 

{ii) =^ {Hi): Take A = Z in {ii), one has H^{G, Z[[G]]) = for i ^ n. Consider then 
the short exact sequence 

^ Z[[G]] 4 Z[[G]] ±[[G]]®Z/k 0. 

The associated long cohomology exact sequence yields 

i/"-i(G,Z[[G]]§Z/A;) if"(G,Z[[G]]) 4 H''{G,Z[[G]]). 

Since, by (m), one has m-\G,t\\G]]®Z/k) = 0, it follows that H''{G,Z[[G]]) has no 
/c-torsion. 

{Hi) =^ {iv): By Proposition 17.2^ the integer n is necessarily equal to cd(G'). Since 
cd(G) = n, the functors T, := H"'~'{G, S) together with their connecting homomorphisms 
form a homology 5-functor of t.d. G-modules. The hypothesis H^{G,Z[[G]]) = for all 
i ^ n implies, by Lemma f7.H that such (5-functor is effaceable and then universal. 

Let D{G) := H'^ {G , Z[[G]]) . Since it is torsion free and, by Remark l7.2[ compact, 
it is a projective t.d. Z-module. Therefore, the functor of t.d. G-modules i5(G)®_, 
by Corollary 13. H preserve exactness and projective objects. Thus, the set of functors 
S, := H,{G, D{G)®-), together with their connecting homomorphisms, form an effaceable 
and then universal homological 5-functor. 

By Remark ESI one has Tq = 5*0 and then T, = S,. 

{iv) -v^ (f): By Corollarv 13.11 {v) is the Pontryagin dual of {iv). 

{iv) =^ {i): Trivial. □ 
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Definition 7.2 If G satisfies the conditions of Theorem 17. ![ then G is said to be a duality 
group of dimension n and the compact t.d. G-module D{G) = Z[[G]]) is called the 

dualizing module of G. Observe that, by Remark l7.3| there is a natural isomorphism of t.d. 
G-modules D{G) = /(G)*. If, in addition, D{G) = Z as t.d. Z-modules, then G is said to 
be a Poincare duality group. In this case, G is said to be orientable if D{G) is trivial as 
G-module and non- orientable otherwise. 

Note that, if G is an orientable Poincare duality group of dimension n, then, for a t.d. 
G-module A, the isomorphism of (iv) takes the familiar form 

H''-{G,A) = H,{G,A). 

For profinite groups, one has an even simpler characterization of duality than in the 
discrete case: 

Proposition 7.3 Let G be a profinite group with cd{G) < oo. Then, G is a duality group 
(respectively a Poincare duality group) of dimension n, if and only if there is an integer n 
such that Z[[G]]) = for all i ^ n and Z[[G]]) is a torsion free compact t.d. 

Z-module (respectively Z[[G]]) = Z). 

Proof. The only if part has been proved in Theorem 17.11 For the other direction, one has 
just to prove that G has finite cohomological type, i.e. that the functor H"'~^{G, _) preserves 
compactness. By Proposition 17. 2| one has cd(G) = n and then the functor H"^^{G, _) is right 
exact. The fact that Z[[G]]) is compact implies that H"'{G,F) is compact for any 

compact t-free G-module F (see the proof of Lemma m|) . A compact t.d. G-module A 
has a compact t-free cover F ^ A, so H"^{G, A) is compact. Since the functor H"^~'^{G, _) 
vanishes for i > on t-free G-modules, the claim follows by induction on i and from the 
long exact cohomology sequence associated to F A. □ 

The property of being a duality group is invariant passing to open subgroups. 

Proposition 7.4 Let G be a profinite group with cd{G) = n and H an open subgroup of 
G. Then G is a duality group (respectively a Poincare duality group) if and only if H is a 
duality group (respectively a Poincare duality group). 

Proof. The proposition follows from Proposition 14 in [Sej and Remark 16.31 □ 

Non-trivial examples of duality groups will be provided by the following proposition: 

Proposition 7.5 Let G be a discrete group of FP^o type which is good (see DeRnition W. g)) . 
If G is a duality group (respectively a Poincare duality group) of dimension n, then the 
profinite completion G is a duality group (respectively a Poincare duality group) of the 
same dimension. 
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Proof. Let F, ^ Z be a free Z[G]-module resolution of finite type of the trivial G-module 
Z. According to Lemma 1.1 in ^BJ, the G-completion F, — Z of such resolution is a free 
Z[[G]]-module resolution of finite type of the trivial G-module Z. The cohomology of G with 
coefficients in Z[[G]] is given by the cohomology of the cochain complex HoiRqIF,, Z[[G]]), 
which is the G-completion of the cochain complex HomG'(Z[G], Z[G]), whose cohomol- 
ogy is the cohomology of G with coefficients in Z[G]. Therefore, the cohomology group 
H^{G, Z[[G']]) is the G-completion of the cohomology group H^{G, Z[G]). 

The proposition now follows from the standard characterization of discrete duality 
groups and the criterion given in Proposition 17. 31 for profinite groups. □ 

The results of jB] and Proposition 17.51 now provide lot of examples of profinite duality 
groups. 

The simplest are profinite completions of finitely generated free groups and torsion free 
abelian groups of rank k, which are orientable Poincare duality groups of dimension 1 and 
k, respectively. The profinite completion -kg of the fundamental group iig of a compact 
orientable Riemann surface of genus g instead is an orientable Poincare duality group of 
dimension 2. 

According to Theorem 3.2 in [Bj , for 2(7 — 2 + > 0, the Teichmiiller group Tg n is good. 
On the other hand, a classical result (see jllvj) asserts that Tg^n is a virtual duality group, 
i.e. it contains a subgroup of finite index which is a duality group. More precisely, for 
g = 0, the Teichmiiller group Pq,™ is a duality group of dimension n — 3. The Teichmiiller 
group Tg^n is instead a virtual duality group of dimension ig — 5, for g > 2 and n = 0, and 
of dimension Ag — 4 + n, for g and n > 1. By Proposition 17. 5t the same statements then 
hold for its profinite completion Tg^n- 

Proposition 7.6 Let N be a closed normal subgroup of a profinite group G. If N and 
G/N are duality groups (respectively Poincare duality groups), then G is a duality group 
(respectively a Poincare duality group) of dimension cd{N) + cd{G/N) and there is an 
isomorphism of t.d. Z-modules D{G) = D{G/N)®D{N). 

Proof. By Proposition 17.31 and Proposition 15 in jSej, it is enough to show that the t.d. 
Z-module Z[[G']]) is zero for i ^ cd(A^) + cd{G/N) and compact torsion free for 

i = cd(A^) + cd(G/A^). By Theorem 16.11 there is a spectral sequence 

Ff = HP{G/N,H''{N,Z[[G]])) HP+''{G,Z[[G]]). 

There is a natural isomorphism of t.d. A^-modules Z[[G]] = Z[[A^]](8)Z[[G/A^]] and then of 
t.d. G/A^-modules i7«(A^, Z[[G]]) ^ H''{N,±[[N]]0Z[[G/N]]), with the obviuos actions. 

Since Z[[G/A^]] is a t-free t.d. Z-module, proceeding like in the proof of (Hi) =^ {iv) 
of Theorem 17. H one can show that there is an isomorphism of universal cohomological 
5-functors from t.d. A^-modules to t.d. G/A^-modules 



H'{N,_®±[[G/N]]) = H'{N, _)®Z[[G/N]]. 
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Let h = cd(A^). Since, by hypothesis, H^{N, Z[[N]]) is torsion free and compact, it is a pro- 
jective t.d. Z-module. Therefore, there is also an isomorphism of universal cohomological 
5-functors 

H'{G/N,H''{N,Z[[N]])0_) = H''{N,Z[[N]])0H'{G/N,_) 
and, eventually, one gets the isomorphism: 

HP{G/N, H\N, ±[[G]])) ^ HP{G/N, Z[[G/N]])m''{N, Z[[N]]). 

Therefore, Hp{G/N, H^{N, Z[[G]])) ^ only for p = cd{G/N) and q = cd{N). 
Thus, one has that H\G, Z[[G]])) vanishes for i ^ cd(A^) + cd(G'/A^) and that 

^cd{N)+cd{G/N)^Q^ Z[[G]]) ^ H"^^^^^\G/N, ±[[G/N]])0H"^^^\N, Z[[N]]) 

is torsion free and compact (isomorphic to Z if both and G/N are Poincare duality 
groups). The proposition then follows from Proposition 17.31 □ 

Remark 7.4 Let us observe that all the above theory of duality may be specialized at a 
particular prime p, thus recovering and generalizing the results of §4 in |S-Wj . 
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